Abstract. We present the algebraic proof of a sum rule which is relevant in the theory of Stark broadening of hydrogen and hydrogenic lines. This is accomplished by applying Gauss's recursion formulae for the hypergeometric function to the analytical expression of the dipole matrix elements involved in the summation.
I. Introduction
In the investigation of Stark broadening of hydrogen and hydrogenic lines, it is found that the line width is a function of a coe cient which turns out to be a simple rational function of the principal quantum numbers of the line (e.g., Stehl e et al. 1983 , Casini and Landi Degl'Innocenti 1995 , Casini 1995 , Stehl e 1996 , Casini and Foukal 1996 , Casini 1997 . In the literature, the same coe cient has been indicated with di erent notations. Casini and Landi Degl'Innocenti (1995) gave the expression of the line width in terms of the symbol A 0 (n; m), n and m being the two principal quantum numbers of the line transition. Stehl e (1996) used instead the symbol k nm . In the present paper we adhere to the notation of Casini and Landi Degl'Innocenti (1995) .
Although the coe cient A 0 (n; m) is a very simple function of n and m, expressed by (Casini 1995, Eq. (4)) A 0 (n; m) = 3 4 h (n 2 ? m 2 ) 2 ? (n 2 + m 2 ) i ; (1) it is originally given as a rather complicated sum of products of dipole matrix elements (cf. Eq. (2) in this paper; also Stehl e 1996, Eq. (21)), whose complexity totally masks the simplicity of the corresponding closed algebraic form, Eq. (1). Such algebraic form was rst obtained by trial, and then formally demonstrated, by the author (Casini 1995) . However, the proof of that result was not published because of its length. Stehl e (1996) gave the same expression, besides a line-independent multiplicative factor, derived instead through a polynomial interpolation of the results of numerical calculations of the original sum for many di erent values of n and m.
Since its rst appearence, Eq. (1) proved to be of rather general interest in the investigation of electric eld interaction with hydrogen and hydrogen-like atoms. In fact, the coe cient A 0 (n; m) (or k nm ) not only is involved in the Stark broadening of hydrogen lines from stationary, directed electric elds (Casini and Landi Degl'Innocenti 1995) , but it actually plays an important role in the description of pressure broadening (by charged perturbers) of hydrogen and hydrogenic lines (Stehl e 1996 , Casini 1997 4) ). This approach, instead, cannot be followed in the most general case when the lower level of the transition, n, is also arbitrary. Yet, we still can rely on the analytical expression of the dipole matrix elements provided by Gordon's well-known formula (e.g., Bethe and Salpeter 1957) . As brie y sketched in Casini (1995) , we then have to use Gauss's recursion formulae for the hypergeometric function (e.g., Gradshteyn and Ryzhik 1980) , in order to successfully arrive at the result expressed by Eq. (1). The main di culty is found to be a suitable choice of Gauss's recursion formulae which can lead to the result in the smallest number of steps possible. We now come to the demonstration of Eq. (1).
II. Proof
Let us consider the expression of the coe cients A K (n; m), introduced by Casini and Landi Degl'Innocenti (1995; cf. Eq. (14) ), A K (n; m) Na ?2 0 
In Eq. (2) and (3) 
where = max(l; l 0 ). Then we distinguish among the three cases l = 0 ) l 00 = 1 ; l = n ? 1 ) l 00 = n ? 2 ; 0 < l < n ? 1 ) l 00 = l 1 :
Use of Eqs. (6) yields, after some simple algebra, We then see that the last of the above equations also includes the other two as limit cases. A completely analogous result manifestly holds for the second summation in Eq. (5) 
In evaluating the third summation in Eq. (5), we also must distinguish among di erent cases according to the values of l and l 0 , which limit the possible ranges of l 00 and l 000 in the summation.
Here we only consider the evaluation of f 3 (nl; ml 0 ) in the general case, when all possible values l 00 = l 1 and l 000 = l 0 1 are taken into account. As in the derivation of Eqs. (7), it might be shown that any possible limit case is also accounted for.
From the selection rules implied by the 3j-symbols, the possible pair (l 00 ; l 000 ) of summation indexes are determined according to the following scheme (l 00 ; l 000 ) (l ? 1; l 0 ? 1) ) l 0 = l 1 ; (l 00 ; l 000 ) (l + 1; l 0 + 1) ) l 0 = l 1 ; (l 00 ; l 000 ) (l ? 1; l 0 + 1) ) l 0 = l ? 1 ; (l 00 ; l 000 ) (l + 1; l 0 ? 1) ) l 0 = l + 1 ;
where the \implication" sign, \)", means that for any such choice of the index pair (l 00 ; l 000 ), those corresponding values of l 0 are possible. We then see that, in general, the sum of the following terms must be evaluated, We note that only three of these terms are involved for either choice of l 0 = l ? 1 or l 0 = l + 1. We also note that the 3j-symbol at the denominator always cancels with one of the 3j-symbols at the numerator, while the two remaining 3j-symbols are equal.
We will work out explicitly only the case l 0 = l ? 1, so we can limit ourselves to considering only the terms T 1 , T 2 , and T 3 . (The procedure to follow for evaluating f 3 (nl; ml 0 ) when l 0 = l + 1 would in fact be completely analogous, and it would lead to exactly the same result.) 
No further simple manipulation can be made at this point to simplify the above equation. We then must explicitly use the analytical expression of the dipole matrix elements, which is given by Gordon's formula (e.g., Bethe and Salpeter 1957, Eq. (63. Using the symmetry property of the hypergeometric function with respect to exchange of its rst two arguments (e.g., Lebedev 1972), we then see that the di erent dipole matrix elements involved in Eq. (8) with a proper choice of the coe cients K i K i (n; m; l). Equation (8) Our aim is now to recover a factor F 0 from the quantities F i , i = 1; 2; 3, and then to eliminate it from the denominator of Eq. (9) or Eq. (9 0 ). To this purpose, it proves useful to simplify the notation by introducing the coe cients = ?m + l ; = ?n + l ; = 2l : We then nd, using again the symmetry property of F( ; ; ; x), To solve our problem, we need Gauss's recursion formulae for the hypergeometric function (e.g., Gradshteyn and Ryzhik 1980) . The task is that of transforming all of the hypergeometric functions in Eqs. (10b){(10d) to the form F( ; 1; ; x), and then try to recover a factor F 0 common to all of the F i , i = 1; 2; 3. The needed formulae are listed in the Appendix. In the following, for convenience, we put F 0 F( ; ; ; x) ; F F( ; 1; ; x) : If we now restore the values of , , , and x in terms of n, m, and l, we nd, after some algebraic manipulation, 
As we already noticed, this result is general, since it would have been obtained even if we had considered l 0 = l + 1 instead of l 0 = l ? 1.
Substituting Eqs. (7) 
Equations (A1){(A7) and Eq. (A8) are directly derived, respectively, from the recursion formulae (3), (6), (8), (11), (14){ (17) in Gradshteyn and Ryzhik (1980; Sect. 9.137) . Equation (A7 0 ) is also derived from the recursion formula (16) in Gradshteyn and Ryzhik (1980) . Equations (A9) and (A10) are instead Eqs. (9.2.10) and (9.2.11) in Lebedev (1972) . However, one can easily show that these last equations can also be obtained by means of proper linear combinations of the recursion formulae as given in Gradshteyn and Ryzhik (1980) .
